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Theorem

If service times are i i d across servers time

then for all No of servers MZI all buffer
size 1370 all generation arrival times

1 9 Si G3 all policies a ETI

0prmp.LGrs.lt 120317

self oath TZ 03 1

or for all non decreasing functionals f
Elf oprmp LG rsltl.to I

E Effy oath 120311 I

provided expectations exist

preemptive Leafs is age optimal



Corollary 1 Under conditionof the thin

opmmp LGfsltl.tn 0JEsef0ath.tZ03

Efff0prmp LatslH 1703 Effyoath 03

Corollary 2

For in order arrivals
preemptive LCFS is age optimal

Sample path arguments of the Thur

State of the System

Def At time t7 Si the age of packet i is
t Si

Def Let death be the age of the packet
that is being processed by server l

at time t underpolicy T

If server l is idle at time t

de att D

If a virtual packet with age is

delivered Oath is unchanged



Hence we can consider that servers are

always busy whereas sometimes the packets

being processed have infinite age

servers are idle at time 0

de alot a Hl HiT

Def the a ftl is the l th largest element

of the vector di att i Lm.at

Def Tat oath Hiatt 2min14 as

system state of policy IT

Floy is in variant of policy a ETI

We use policyp to represent the preemptive

1GFs policy

compare policy P with any work conserving policy to

REIT

Lemmas

If TpLol Ja lo for any work conserving policy EET

then for all I



I
Opth Min 0pct de pt MinfOpthLem pts
too 3 I I

t
Oath min Oath HD att min Oath Lim HIT

too3 I I
where I I Si Ci
o intuition

If a packet with age Lce alt is delivered then

the age drops from Oath to min Gath He at

Hence we want den HI dem at 4 as

small as possible

Lemme2 coupling lemma

Foranygiven I consider policy P and any work conserving
policy it C IT If the service times are i i d then

there exist policies Pi and T in the same probability
space which statisfy the same scheduling discipline
with policies P and T such that

i 19Jp Itt too ft tf Tp Iti too II

ii Ta th too II st T th to0313



iii If a packet with age Lce pf4 is delivered

at time t in policies pi then almost surely
a packet with age ace ti H1 is delivered at

time t in policies Ti and the reverse is also true

Proof idea

service times are memoryless

Servers are always busy I

Compare policy P and policy Th

Lemma 3

If a packet arrives at time t in both policies
Pi and T a
state before arrival state after arrival

Tp Opi H pi Rm p Tpi Opn dip Limp

Ta Oa di a AM a Ot Li.tn dahxD

If Op E OT
Min Opi He Pi E min 0Th 2 Ll Tn H l

then Op E OE
mis f O'p die p E misf da Nce sa Hl



Lemma4

If a packet is deliveredat time t in both policies
Pi and T a
state before delivery state after delivery

Jp Opi H pi Lm p Tpi Opr dip Lai.pD

Fa Oa di a AM a Oth Li.tn dahxD

If Op E OT
Min Opi He Pi E min 0Th 2 Ll Tn H l

then Op E OE
mis f O'p diez p E misf da die a Hl

Reading Section 2.6 I

San Kadota Talak Modiano book 2019

Proof of Them
On a sample path of P Ti three case

arrival

departure

age 9 with slope L



by induction with probability 1

OpCH E Oath Ht
minGopCtl He Pitt E min Gait AcesTutu Hl

Itt

Using the coupling lemma fLemma 2

Lemme 1 is proven

For non work conserving policies server idling
only postpone delivery time Aoi 9

Proof is done II

Reading Section 2.6 I

San Kadota Talak Modiano book 2019


